
Prop : 20
,17 = C

. 20, 1]

Pf : Let f = CC0 ,1] and let 2>0
·

Job : Find g=PLC0,1] sit , 119-fll0o>E
.

Since (0, 1] is compact, f is uniformly continuous so we

Cn Gid no /N such that if asbe [0s1] and Ib-als-
te 1 f(b)- fla)/<E . i

Let **
= In 01k n

, A..
O I

Let g be the piecewise liner function that

equals of at each x and that is liver on each [Mars Y] .



Observe that on [xx
, 40]

↳ I g(xy = f(xx)+
I (f(x)-f(xx
-

Let xe [0, 1] and pick K so that xo <Xan x
x
Jo

Thn (f(x) - g(x)) = / f(x) - [f(xx-1)+Y*, (f(x) -+x++)])
-> (fx) - f(x) +!xi)(f)-fk)
↓

S + Id



= 2 E .

Hace IIf-glo222. I
-

We shared that PL fanctions with partitious at nationall
endpoints are dense

, ~
Exercise : show that the PL functions as

with rational values at the partion points are dense
.

Consequence : ((0, 1] is separable . C
· =

10)
Exercise : Show that B20, 1 (beaded functions on 20,1](

is not searable ·



Lana : Lot X be a nomed vector space and W a subspace.

Then I is a subspace.

Pf: Let a
,
be wo The exist sequence Can) and (b)

M W conversig to a
,
b
.

They Canth) is a

sequare in Wand authore att .

Here art aw.

Scaler multiplication is handled similarly ,



Hord fect- :

Prop : Given 230 there exists a polymnalp such that

(abs(a)-p(x)/< E for all x = [1, 12
.

(abs -> , 1])
. ,

We'll show Mat

PL[0 ,1]=



absa(x) = abs(x-a) [0 ,1]

01a1 #
absa = 0

, 1]

Let 230
.

Fid 22 PE1, 15 with llabs- alloo .

& on 2-1, 1]

Then if xxF0, 1] Han x-a = [1, 13

So (abs(x-a) - q(x-a)) < E
i
.
e
. (absalx)--p(x)/CG for all x = [0,1

.



Il absa-lloo E
:

-

Ra - slope1 oa- (-
d In

"ramp'
- 1
-

Rat PRO, 1] Ra(x) = I ( *x-a) 2 absa(x))
&

liner combo absalx) =
x - a x >

, a

of things m
E
~ (x-a) x <a

-

P[0 ,]



01a<b ? /

- Va
,
b= Ab

VabE , 1]
"hat"

acb<<

Ge Hasb
,c

I-- I I I-

a b c 1 Hab= Va
,
b -Vb

,c



Habic & 0
, 1] since Vass and Voc are

,

1 = PL[0, 1]
,
f(0) = 0, f(l)

= 0

In
Y

ame 2

8) ⑤ e· - ↳=
1

H?
- f(x)

↑linersmbonat
fact,e



Ay fEPL291] is a liver combination of

a linear function and
a
PL function But voushes

at 0 and 1
o

-

Prop: Given 930 there exists a polymarial p(x) with

(abs(x)-p(x)/< E for all x= [1
, 1
.

Pf : Let Po(x)= 0 and if Pr has been defined
,

let
Pax(x) = Pr(x) + (x - Pr(x)Y)



Chauss Pit squt uniformly on [0, 1] .

We first show that for ally
,

Put Y Pu >, 0

and But > PnIx)30 for all xe 2011] .

These facts we clear if n
= 0
·

Suppose These feets hold for same no

Observe Mat

Pnx(x) = Pr(x) + = (0x + Pr(x)) · (0X-PrIx2) -

Moreover z(xx + Pr(x)) & - (0x +xx) - 1

and -Pn(x) > 0 -



Hence Pati(x) < Pr (x) + 10 (X-PrIx))
= X

.

Moreover
, Prx(X) = Pr(x) + I (x-Pr(x)

> PrIx) 0
o

Finally, Paxz(x)> Pari (x) for the same reasons
.

Now for each xt [0, 1, Pax) is a

monotone increasing sequence in IR Hat is banded above

by x
.
So it'conveses to

seeme f(x).

That is Pr -> of pointerse on [0, 1] ·



Using

Pax
,
(x) = Pa(x) + (x-Pr(x)

we take a lout and conclude

f(x) = f(x) + =(x .
= f(x)2)

so fix = X
.

But f(x) > 0, so f)= .

Since ix is continues and since Pr is mavationa increasing

in my Pr -> O onitorly ,


