
Using

Pax
,
(x) = Pa(x) + (x-Pr(x)

we take a lout and conclude

f(x) = f(x) + =(x .
= f(x)2)

so fix = X
.

But f(x) > 0, so f)= .

Since ix is continues and since Pr is mavationa increasing

in

my
Put t unitonly , (Dini's Theman)

and since [0, 1] is compact



Prf f(x)=0x
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x = [0 ,13 , put
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Now let 930 and And an polycarm p such fut

1 - p(x))<[ for all xe2011]
.

But then 1X-p(x2/2 for all x= [11J .

Since VIII the proof is complete . 1
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Trig polynomials

E. (ancosskah ! binsielkal
Certanly these are continues and In-periodic

T(xi = TIL &xAIR
. I C
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*

-> I is bonded
.
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Il flais /loo= Ilfllo
We'll put the Iilloo on C4.



We un identify ( with a closed subpace of C2-n,TT] .

f( (2
+

-> f((x
,x]

x Image is the set

↳ of functions with
B

&8

f(ii) = f(x)
.

Exercise : This is indead

a closed subspace of

([-,T] .

Goal : I = Strig polynomialsly = C (and bape)
-

↑=



Kay observations

1) I is not justa subspace . It's closed under

multiplication. (I . e , it's a alsebra !)

cos (A+B)= cos(A) cos(R)-sin (A) sin(B
Si (A+B) = sin (A) cos(B) + cos(A) son(B)
(A+R
2

= cos (A) + sin (ATP)

↳ eTAg = (os(A)+is(A)7(->

=in(kx) schlm = I [cos ((- x) - cos((k+m) x)]
witte similar formulas for sin(kx) cos (nx)

cos(kx) GoS(mx)



2) I is closed order translation by I

sin(k(x+E) = sin(kx+

sin(e) k= 0 redt

cos(kx) k = 1 madk
I

E- sin(kx) k= I mad
- cos(kx) k = 3 mad4

and similarly for 10s ((x) ,

Lana
: Suppose f G CCT and is even (s0 f(-x) = f(x) FxER).

Then -> .

Supposits I peace
the lamm

,
let's show = <*



Start with fe Cit

f(x) = Af(x) + (effx)I
- felt I fo()

↑ ↑
even odd

fee
.

Also fo(x) · sinc is even
.

So forsin ->
,

feesinc] for sinc

Excuse: (If ge than go to for my Teat



get tot

fosine = (fetfo) sint= .

I(x) = f(x - =)

I . since

F(x) · sin(x+) a F Cuses the
2 earler obsenten

about translation)
fo cast

ficos + fisin -> => fe .



Lana
: Suppose f G CCT and is even (s0 f(-x) = f(x) FxER).

Then -> .

Pf : Consider forecos :
[-413-R .

Let 930,

Find a polynomial p seech that

I flaccosseL) - p(y)/<E fe ally= G41 ,

Now observe arccos(cos(x))= E X
0x I

-X -4x10s

* Iie accos(cos(x)) = (x)

for Xt [ -4, i] ·



Hence If ((x)) - p(cos(x)/<S for all x- [ix,]
.

-

T(x)

Since o is even
,
f((x)) = f(x) for all x= EixT]

.

So If(x)-T(x) 2 for all x & Gi,]
-

and we are done
,
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The (Weierstrass)
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fr I TET => FTE I

IITlo
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C(X) A algubm = ((X)

↑ centers constants

Sautes Giran MIXzEX XIEM

paints. [
there exists f A uIf f(xL+f(z)

F= C(x)
.

u

Stane - Weiestass
↳ compact [0, 13

[a , b]
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- Mare


