
Why care about  compact  sots ?

One reason :

If A  E X is  compact  and f :A→R is  continuous
,

then f- (A) is  compact ⇒  closed and boarded
.

Boned above ⇒ admits  a sapnenam .

Closed ⇒ sup ( HADE FCA ) ( if SER is a  set
, is  asqms ,

xn →  sys
,

and now used closed ) .

⇒ F  a±A,
f- (%) > f- (a) HAEA .

f- achieves  a  naxl
.

ditto for  a  mm
.



A norm  on a  vector space is a faction X → R

11×11

satang 1) 11×11>0
,

11×11=0 ⇐ x=o the #

2)
11×41=1411×11

tt # F xeX

3) 11×+411<-11×11+1411 .

Vector spucet  norm  =

"

normal vector space
'l

From these
, we set a metric :

okay ) a 11×-44 .

This metric  is computable with v.  s . operations :

d ( xtz , 4+2 ) = dlqy ) ( Preserved aide

translation )

d( xx ,xy)= 11×4 - g) 11=1×111×74

else dlgy )

Exercise : d is a  norm



e. g : R
"

11×11 = (§. ,

×:)
"2

1)
,

2) travel
.

3) :

Lanna : If 4 YERY } Canty - Schwark

1×41411×1111,4
inequality

Pf://t.ly/I2= 11×112 - Ztx .y + 1*2114112 30

descnmiuat 44nA - 411×112141/2 EO

⇒ |x.y|{

1kt
and equality requires x

, y
are  

Colin
A Meti

11×+4112 ± 11×112+2+4 +114112

{ 11×112+211×1111411 +14112

= (11×11+11411)
'

⇒ Hxtyll E 11×11+14/1



eg ( of normal vector  space )

X cpct

C ( x ) = { f :X→R : fists }

I
#

/

HfH=×m⇐¥ If # 1

exercise : this is a  norm
.

e. g .

C [ 0,1 ]

HHK .= (flfifk
Exercise : Show §fg£Hfltellsll , and

establish the S nez .

Alas
,

C [ 0,1 ] is not  complete with the t norm
.



| I÷¥¥!!.mn#. .¥it  is outmost 1
.

z

Hk.aifi# "
so

.

(
omit ?

÷
.

LP I 2- p { oo

6
seances ×= ( xu ) ,  . . . . )

Hxllp = (§?1×(k)|P]
"
P

That the triangle  inez holds is a boy del ( Minkouski 's ineg)
.

l°° : boarded sequences 11×16 spyKLKY



e. g : X a  named vector  space

SEX a  subspace ( closed under addition

and scalar  malt )

5 inherits the
norm .

e. g : S= { xel
'

'

. ,{x(k)=o }
1

( note: §
.

,lxlk)| exists
,

so I§xlk) courses )

e. g : X
,

Y nomad vector  spaces

Z= XXY → (how is this
a  vector space ? )

111*411=11×11×+1414 .



Exercise : ×n→×  in X ⇐> nkg.tl/n-x11=O

:R !

Prop ; In an .us . X :

a) 111×11-114111<-11×-411

b) ×n→t⇒ 11h11 → 11×11

If  xn → ×

at
yn →  y

in X
, ×u+Yn→xty

d)
If an → a ink

, xnosxin X
, xnxn→x× .

Pf d)of |xx - xnxn #|xx - xnx  + anx -&n×n||{ Heh)×H + Hxalx . xD 11

{ 1×-4111×11 + lxalllx - all

- 0 → 0

So hnwgwllxx - xnxnll =0 by the squeeze Them
,

a) like metrics are ots
,

b) a consume of notes aects
.



Equivalent  norms :

Consider Hill
,

and 11 . Hoo on 1122

11×11
,

< 211×11
. 11×14=141+1×21

Hxlloo { 11×11
,

k×Hoo=max( kitlxzl )

11×11
@ { 11×4<-211×11

.

This configuration  occurs more sereatly :

Hill
,

ad ltllz on X are eqa.ua#.tFm,M > g

mkxll ,E 11×1121 Mlkll
,

( MGM
,

of  cause .
 m=4M - Zn  above )



( X
,

11.11
, ) ~ ( X

,
It Hz ) if  roms  are qaualnt .

Prop : This is  a  equiuuleee relation
.

Pf :

m 41×11
.

E 11×112 s MHill ,

n 11×1121 Hills EN Hxllz

mulkltsmnllxk 11×1131 Nllxllz E

NM÷
The point :

Prop : If ( X
,

llnll
, ) and ( X

,
Hk ) are  equivalent then

xk → × want Hill
,

⇐ > ×k→x went . ll.lk
.

To this end :



Lemma : Suppose Hill
,

and II. Hz  are  norms  on X and Zky

11×11,11<11×14 KXEX . Than

a) rfxkosxw.at 11.112
,

⇒ x.is/w.ntll.ll , .

b) if { x ,< } is Cady went
, Htk⇒{×}B

( andy writ . Hill
,

pf  of  a) :

Suppose ×k→× .

wntltllz
.

Then 0£ 11×-4<11
, 11<11×-4112 .

Since him Hx - x. 112=0
,

be the squeeze they

him 11×-14<11
,

> 0 also and xk→x w.at .1
.

b) Let E s 0
.

Pick Nsu  if  n.ms/N,4xn-xnlkc,Ez .

Then tfn ,m%N ,
Hxn . ×mH,E4Kvhlk< K£ = E .



Exercise: Now show cawesace thin .

Big claim : All norms  on  a finite dam vector space  are  equivalent .

Lenna
: Suppose X

, ,
.  -

, 1h is  a basis for # .

Define f :# → X

f- ( p, , . ,pn)= HB,× , + . .  . +Rxnll .

Then f is continues (R " with A ' Hoo )
.

Pf "

|f(p , , ... ,p . ) . ftp.r.AM
=


