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,

and 11 . Hoo on 1122
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,
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Prop : This is  a  equiuuleee relation
.
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The point :

Prop : If ( X
,

llnll
, ) and ( X

,
Hk ) are  equivalent then

xk → × want Hill
,

⇐ > ×k→x went . ll.lk
.

To this end :



Lemma : Suppose Hill
,

and II. Hz  are  norms  on X and Zky

11×11,11<11×14 KXEX . Than

a) rfxkosxw.at 11.112
,

⇒ x.is/w.ntll.ll , .

b) if { x ,< } is Cady went
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( andy writ . Hill
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b) Let E s 0
.

Pick Nsu  if  n.ms/N,4xn-xnlkc,Ez .

Then tfn ,m%N ,
Hxn . ×mH,E4Kvhlk< K£ = E .



Exercise: Now show cawesace thin .

Big claim : All norms  on  a finite dam vector space  are  equivalent .

Lenna
: Suppose X

, ,
.  -

, 1h is  a basis for # .

Define f :# → X

f- ( p, , . ,Bn)= HB,× , + . .  . +Rxnll .

Then f is continues (IR " with A ' Hoo )
.

Pf : Let M= llx ,H+ . .  . + 11h11
.
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Thus it Hf§H•< En
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1ft ) - fail < E

and f  is uniformly continuous
.

( some S ! )
.



5 = { xepi : 11×11.0=1 }

I  claim 5 is  compact .

Idea ( 1122 )
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Finally llfelkl for all l
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.
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From the lemma
,

since S is  got ,

me f (B) EM for  all pts .

Moreover f ( tB7= HXB ,*a . + tank

= ltlflp )

mHfH•£ flp ) EMHBH . fn all per ?

Now with Hill
, ,ll .lk

f
, fz

MHBH.
< f (B) f Mikko
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Given XEX
,

x= fix ,+ .
- + Bnxn for some B .

11×11 ,f. (p )
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11×112 = fzlp ) { Mzllpll . =M÷ mi HPH
. fM÷ ftp.tfk

,

11×11
,
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,
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11×11

,
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fM÷k÷
SO norms  aren't so  riuitay on

finite damascened vector spaces .

All alike !
No different  rations of convergence .

No different notions of Candy sequences .



But : Z → sequences that end in  zeros
.

Hill
, ,

H ' Hoo are  roms  on these  spaces .

( Zeh
,

Zeleo )
.

These norms are  not equivalent :

e. g : zk= (

1,1
, . .

,
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Claim :

IR
"

with H . Hoo is complete

Pf : (1/22) Suppose { pn } is Candy .

Pna ( tn ,4n )
.

Observe lxn . xm| EHR - pm Hoo and hence

{ xn } is Candy in R
.

So xn → × for some ×
.

Ditto
, yn→y for some  y .

But if p= Gm) ,

0 { Hp - Pollak Ix . xnl + ly - 4n| .

Since IX. also I lured → 0
,

Hp -

pnH→0
by the squeeze this and pn→p .



( or : IR
"

with ay now is complete
.

Pf : Suppose It - II is a  nom on IR " and

{ pn } is Candy with respect to  it
.

Since 11.11 and lltloo one equivalent,

{ pn } is Candy with respect to H . Hoo .

Thus Pnnsp for sane p ,
w.at . 11.11

. . .

But from equivalence of  norms
, pn→p w.at . Hill

as well
.

Exercise ( HW? ) Any finite dam vector space is

complete .



Def .
A Barad space is a complete normal linen space .

All finite dimensional spaces are complete .

But : Z with lao norm
.

xn= ( ttz
, ... ,

th
,

o
, ... )
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,
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, ...

,
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,
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,
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then kx - xnHs, # for n% Ntl .

So xn→/ X .

So the sequence has
no limit

.
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is Complete
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Given E > O 2 N
, n ,mzN⇒

Hxnxmll
,

= IE
,

lxnlktxmlkl c E
.

In portrcuhg n.ms ,W⇒ |×(̂k ) - xm(k)|< E ifams ,µ
.

I.  e. for  each k
, a (k) ts Candy in R and courses

to some limit  #k ) .

Q : is x= Gal
,

- ) Eli ?

Q :  
if so

,
does xn→x inl

' ?

A : ( away sequences are bounded
.

So ZM
,

§
. ,

lucky { M ttn
.

For each ,µ
, EE

,

,lxalk)| EM
.
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Let E 7 0
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,
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.
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,
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.
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.
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So §a|x( k ) - x^(k)| E E if  a > N
,
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.
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.
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,
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