
( on : If XGX ad q<=< x. as
,

thy §
, ,

CKEK converges .

( Previous two results
.

So
,

then
,

when an we guarantee

GO

x= E<×wq > ek ?⇒
y

z=X . H. ( Z
, ek > = Ex - Y ,ek >

= < x. e.is - 4,9 . >

( y ,q > = lmcsn ,q< > = < x ,q> .

So 2- E { e
, ,

... }t

7 e Sp(e, , ...
)±

- 1
Z c- Sp ( q ,

. . )



It we 5p(e
, , .

. ) f- d wkesple , ,
. - )

Wk→w .

z 1 wk for all k

( z ,w > = Inn ( Z ,wk> = O
.

We say on on . sequence is complete if

F{ a ,
... }t - { 03

.

Prop .

.
If 9 ,

...  is a  complete on . sequence,

then if xex
,

oo

y={ < x ,q< > ek
Ka

Pf : Let  y=£. By oovobsautons alone

x-yeJp{e. .  
-31={03

. soxey .



Prapi Suppose Ek is an  on .  sequence and

L=E< x. e.iq .

F xex
.

Ten the sqeuce is complete .

Pf : Suppose the sequence is not oeyohete.

Prok 2- ⇒ 0
, z c- Jp{e, ,

. .se.3÷Obsace < Z ,q<>=o tfk
.

But zt[<zee÷
Lema : TFAE

1) { end is complete
2) { e^3t={ 03
3)

5p(
en ) = X

.

Pf : 1) ⇒ 2) Suppose { a } is amplote.

Suppose ←,ek > to ttk .

Then × - E< see > ek = o .
So { en }t={d3

.

2) ⇒ 1) { a } E 5p{en } ⇒Eis={en3tzsJ{u3t
.



1) ⇒ 3) 5p{e.3t= { 03

⇒ ( 5ps-3¥ { o3t

⇒ Jp{on } = X
.

{ closed subspace!

3) ⇒ 1) Jpsen} =X⇒ Jp{a3t=

Xt={o
Prop : { ek } B complete iff to  all xeX,

11×114 EKx.ee > I ? ← Pasaals Identity

pf : If  not complete
,

F x
,

xto
, < x. e←>=o ttk

.

So Kant Ekgeesl ?

Suppose {e¢ } is complete so

x= Inns
.

§a4ek > ek .

Then 11×114 BH km - 1/2

= km→H§ke⇒adt=!m→
.

§
,

.kxe← > 12

= {! ,
Kxeesl ?



Bessel : { Kx ,ek P E11×113 gereuky

Paseaed : {
14%42=11412

for  a complete
0

. a .  Sequence .

Def : An
.  on .

basis for  a Hilbert space
13 a  complete on . sequence .

Prop : A infaite . dam Hilbert space is separable
iff it admits an on . basis

.

Sketch : esapaeble : { xb dense .

reduce to  a 1in ind set
. ; the spun  is still dense

.

Perform Gmn -

Schmidt
.

The spun is the sang
and hence dense .

⇒ complete.

If {ek } is an  a  a .
buses

,
I clean

n

{ x :p,§
,

EkekqEQ} is dense
.

Fn
,



Continuity :

There
are hnwmps T '

. X→Y that  ane  not  continuous
.

( h→x⇒ Thu ) → TH ) .

Z with the l
"

nom .

Z with the l
'

norm .

( 1.tests,
't . . . )

t.mn#....
.

⇒
-2

tz

11×1<11
.

= tk< ¥ → 0 ×
,<

→ 0 .
( 2. b•)

But llxkll
,

→ oo so x. → × fer ayxml !



This is just the identity map .

Lemma : Suppose T :X → Y  is  continuous  at ×=O
.

Than T is  continuous
.

Pf : Suppose x. →  x  In X
.

Then x. - x→ 0 in X and

T( in . x ) → Tlo ) = 0 in Y
.

But  Thu -x)= TK , ) - TK ) for  akn
.

Thus 1am Tcu ) - TG ) = 0 of

Ian TKD - TK )
.

Upshot : Not continues at 0 ⇒ not continues
.

Of  course
,  

I  cts -7 cts at O
.

So T is adwuaaoss rff it as As HO
.



Lemma : If T :X → Y is continuous
,

then

there exists K > 0 such that

HTGMYE Klkllx In all XEX

Pf : For e =L
,

there exists 8>0so  if11×-04 ,,< §

11 Tk ) - To )H< 1
.

I. e .  
if 11×11 ,{S ⇒ HTG) Hf 1

Let

k=2z
and suppose x¥ O

.

Than z=µ×y×, ,

saksfoes HZH = § < S
.

So HTZHY < I
.

Here 11 -1¥,µ ,
11<1 ad Hk)H< 1<11×11

.

This still holds fan x=o also and we are

done .



( or : If T is  ots
,

there is ak
,

KTKHIEK

for  all xe X
,

11×11<1 .

The ball of nad.ws 1  is sent inside the ball
of  radius K .

Lenna : Suppose F k
,

HTXHEK far all xtx
,

11×11<-1
. Then HTHI E K 11×11 HXEX

.

Pf : suppose xto . Then 11×4*111=1 and

KT # a) |KK⇒ HTKHKKIKK
.

Def . We say Tent
,

1.nu ,
is bounded it

FK
,

HTHIEK ttx
,

IKHEI
.



If T is ots ⇒ T is banded
.

Prop : If T is bonded
,

then T is cts
.

Pf : Suppose tn → 0
.

Than 0<-11 Take 1<11×11 → 0
.

So T is cts at 0
,

al hence

at
Let's redo that example :

( z.la ) > ( Z ,l
' )

xn=( I
,

.
.

,
1,0 ,

. - - )
.
n

" h "
• =L

⇒ not banded ! ⇒ not #

Htxnll
,

- n



In summary :

Thm : Given a Iman map T=X→9
,

TFAE

a) T is continued

b) T is contains at 0

c) T is bounded

d) 3 k > 0
,

HTXHE 1<11×11 for all xtX

-

( 6,1 ]
,

to vs CGI ]
,

K
'

A B

A → B is ots

B → A  B not  ots



e. g . f. : \
-

tn

Hfnll
,

= In → O .

so f. Is

DBut Hfnll.o=1 for all n
.

So find
.

Suppose HFH
•

11
.

Then HHI ,= follfl < folk l
.

Thus B→A  is bounded + hence ots
.

t.se?;iIaYiI:fNU



e. g.  yell

TG ) = < x. y >
.

T '-l2→R

ITK )|E 1141111×11 By GS
.

Z 2

x So T is ots .

e. g .  ye to

T : l' → R

T6)= { YKXK

ITKHE E 1%11×1 E 11411*{141

= 114110011×11
,

w

K

e. s : y El . Til 's l
'

Tx  = ( 4,4 , yzxz , - - )
.

HTXH
,

= Elxkyd £ 11411@ Kxll
,

as above .



Much tundra :

l '
c- to  

Elaapcoo

⇒ ×
,<

→ 0
.

Is this
map continuous ?

( Stay Tuned So the Bands Iso

Thin
P → polynomials Loo norm

.

on [0/1]

I(p)= fo×pH)dt
.

I :P → P
.

|(Its ) )k)|=| sotp # | s 1×1 11pA
.

£ Hptloo

I.  e . KIIP ) Hot Hplloo
,



Denutares ?

pnkt x
" HpnH•o= I

11 Dlpn )H= n Hxn 'll

= a

So image  of  unit ball is unbounded
.


