
This is just the identity map .

Lemma : Suppose T :X → Y  is  continuous  at ×=O
.

Than T is  continuous
.

Pf : Suppose x. →  x  In X
.

Then x. - x→ 0 in X and

T( in . x ) → Tlo ) = 0 in Y
.

But  Thu -x)= TK , ) - TK ) for  akn
.

Thus 1am Tcu ) - TG ) = 0 of

Ian TKD - TK )
.

Upshot : Not continues at 0 ⇒ not continues
.

Of  course
,  

I  cts -7 cts at O
.

So T is adwuaaoss rff it as As HO
.



Lemma : If T :X → Y is continuous
,

then

there exists K > 0 such that

HTGMYE Klkllx In all XEX

Pf : By continuity
,

there exists 8>0so  if11×-011 ,,< §

11 Tk ) - To )H< 1
.

I. e .  
if 11×11 ,{S ⇒ HTG) Hf 1

Let K= Zz and suppose x ¥ O
.

Than z=µ×y×, ,

satisfies HZH = § < S
.

So HTZHY < 1

.

Here 11 -1¥,µ ,
11<1 ad Hk)H< 1<11×11

.

This still holds fan x=o also and we are

done .



( or : If T is  ots
,

there is ak
,

KTKHIEK

for  all xe X
,

11×11<1 .

The ball of nad.ws 1  is sent inside the ball
of  radius K .

Lenna : Suppose F k
,

HTXHEK far all xtx
,

11×11<-1
. Then HTHI E K 4×11 HXEX

.

Pf : suppose to . Then 11×4*111=1 and

KT # a) |KK⇒ HTKHKKIKK
.

Def . We say Tent
,

1.nu ,
is bounded it

FK
,

HTHIEK ttx
,

IKHEI
.

on 11-1×1141<11×11 fx
.



We 've proud :

If T is ots ⇒ T is banded
.

Prop : If T is banded
,

then T is cts
.

Pf : Suppose tn → 0
.

Than 0<-11 Take 1<11×11 → 0
.

So T is cts at 0
,

al hence

at
Let's redo that example :

( z.la ) → ( Z ,l
' )

xn=( I
,

.
.

,
1,0 ,

. - - )
.
n

" h "
• =L

⇒ not banded ! ⇒ not #

" Th "
1

= "
so fane K HTHK 141×11.0

,
tx.cz



In summary :

Thm : Given a Iman map T=X→4
,

TFAE

a) T is castaway

b) T is contains at 0

c) 3 k > 0 KHKK Kx
,

11×11<-1

d) 3 k > 0
,

HTXHE 1<11×11 for all xtX

-

( [ gl ]
,

to vs CGI ]
,

LL
'

A B

A → B is ots

B → A  B not  ots



e. g . f. : \
-

tn

Hfnll
,

= In → O .

so f. Is

DBut Hfnll.o=1 for all n
.

So find
.

( IEK fu ttr  is impossible )

Suppose HFH
•

11
.

Then HHI ,= follfl < folk I
.

Thus B→A  is bounded + hence ots
.

t.se?;iIaYiI:shU



e. g.  yell

TG ) = < x. y >
.

T '-l2→R

ITK )|E 1141111×11 By GS
.

Z 2

x So T is ots .

e. g .  ye to

T : l' → R

T6)= { YKXK

ITKHE E 1%11×1 E 11411*{141

= 114110011×11
,

w

K

e. s : y El . Til 's l
'

Tx  = ( 4,4 , yzxz , - - )
.

HTXH
,

= Elxkyd £ 11411@ Kxll
,

as above .



Much tundra :

l '
c- to  

21×+12 a oo

=> ×
,<

→ 0
.

Is this
map continuous ?

( Stay Tuned So the Bands Iso

Thim
P → polynomials Loo norm

.

on [0/1]

I(p)= fo×pK)dt
.

I :P → P
.

| ( Ib ) )k)|=| fotpct) | s 1×1 11pA
.

£ Hptloo

I.  e . KIIP ) Hot Hplloo
,

so I  is at
.



Deivutaes ?

pnk )= x
" HpnH•o= I

4 Dlpn )H= n Hxn 'll

= a

So image  of  unit ball is unbounded
.

So  not continuous ( ! )
.

*
control in Loo is  silent  about derivatives !

.

Notation : B ( t
,

Y ) :  costumes ( banded )
linear  maps fun X to Y

.



This is a vector space  in a  natural
way

!

If HTXHEK 11×11 tx adkzkg KKHEKYKH also
.

But the least such K might be in testes .

k=inf{K: ltklkklkll Hx←X }
,

Form x
,

if Kzk 11711<-1*1×11K xeX.

soHTHKKHXH also
.

IHHI
Tifk

£  all x.to .

And inset k=s;fo KEY
,

.



Def : Given  a then T :X→Y
,

HTII = g.gg#l.

I claim 11.11 is a  nom  on B ( X
,

4)
.

Evidently KTHZO
.

If 1171=0 ⇒ 11h11 = 0 tx to adt - 0
.

hath ;E
"outage ,E¥oHY¥h

= 1×11171 .

As far S
,

11 #S)l⇒H EHTXH +115×11

E HTH 11×11+48114×11
.

s
.



for XEO

lifts ) xD

¥1
E " Tlltksy

So sup 11 # ×H
is

KHIHISH .

Note :
 if  xto at ⇐ Fx , ,

KTXH
Ti

=
" #

11241

so
,YfoHi¥n - EE ,

" Mi

Also
, sup HTHI = sup HTXH

UHKI Uxlkl

" taffeta.ly?YEIy5thasitEEeE


