
Baine Category Theorem

A  complete  metric space  is not a countable

onion of  nowhere dense sets .

Nowhere dense : I does not contain  an open
ball

.

E.
g . Q with usiod metric .

Singletons
are nahee dense . ( a- e.  at E) AQ is a bad

.

Q is a countable aim of its singletons
, so it

can't be

Let's apply
,

then return to  it
.



The inverse  of a  continuous knew  map need not be
continuous

.

id
( 2

,
l

'

) → ( 2 lo )
11×11.0<-11×11

,
so  is  ots

.

But
x. = ( ¥1,0 . . . - )

n

satisfies Hxnll .o=l ,
Hall ,=n so id

"

is not  cts
.

Baruch Isomorphism Theorem

Major result : If T :X - Y is  

continuous ,
then

,
and bijectrue

and it X. 4 are Banachspaces
,

then Thiscontinuous
.

HW : If X on Yis Barack nd T
,

T
. '

are

cts
, so  is other

.



The BIT follows from  a  more gerel ,
but more

technical and less well motivated result :

Than (Open Muppius Theorem )

Suppose TEBCX ,Y )
,

Y is a Banach space , and

T is surjectiue . Then T is an open map .

( I.  e
. wherever N E X is open in X

T(U7= { TH :xeU } is open we
.

Pf of BIT farm OMT

The ball B
,

( 0
,

X ) is open so T( B. ( o ,× ) ) is open
and contras 0 . So there is n > 0

Fr( on ) e Bzrlo, Y ) ET ( B
,

10,14 )
.



Suppose  YGY, yt 0
.

Then
r¥, ,tBr(o ) a- TC Bi

6,14
)

ad 1-
"

lyyyy) ⇐ B. ( o ,x )
.

I. e. HT "tEhN×< 1 al

N' '

yllxktrlltlly

This HT
' ' HE f. and Tt , } continuous

.



Man Technical Lenna Had work
.

Prop : Suppose T :X  → Y
,

X is  a b) awh space nd

TCB.CO#ZBrlo,Y )

then 1- ( B. ( o ,N)= Belo ,Y)
.

Pf : Suppose we Byzl QY )

,
so Zwt Br ( QY )

Find x. e B. ( o ,x )
,

112W - x. 11<1 .

Since 23 - Zx ,E Br ( 0 ,E ) , we  an fadxze B
,

( Qx )

1122W -

Iktxzll
< E .

( ontuuuug inductively,
we  cu find { in } he B. ( o ,X),1121.2¥. ...  -ztxnlke.

Setting zn= §
.

,[ kxk we find

HWFETH
< In .

Moreau
,

The series {⇐
,

's kxe
 is abs can

, so

cawyes to a limit Z and 112-1/1 EZ 'kH×kH < /
.

Thus zn → z E B
,

( 0
, X ) and

Tze huTzn= W .



Wonmup exercises :

AEX is symmetric  about 0 if wherever AEA
,

-aeA
.

Exercise : If A  is symmetric about 0
,

so  is I
.

Exercise : If AEX B convex
,

so  is At
.



Pf  of OMT :

Suppose TEBCXY) is sorjectiuc  and X and Y are

Baruch spaces . Then T is  open .

Pf : Let BE13,10 ,X )
.

Let Gy=T(B×T .

By linearity rGy=  

RTKBI
=rTKB×)=TlrB×T

.

Hence

µaµnGi=nUµTl^P×)=T(UuB×)=TCxl=Y

.

Since Y is complete
,

the Bane Category Theme implies

Some qnGy contains an open ball and knee also

closed set Gt=T(B×T .



Now 1- ( Bx ) is symmetric about 0 and convex
,

and hence so  is �8�
y= TCBI .

Observe
By ? Br ( %,

Y ) and

Gyz Brfyo ,T ) by symmetry about 0
.

But then it Hwllc B - Yotw and yotw EGY .

By convexity w= lz ( Yotw ) + tzfyotw) eGy as well
.

So B. ( 0,4 ) e Gy = TIBI
.

By the technical lemma
, Bq( 0,4 ) ± T ( B. ( o ,× ) )

.

But then fer my
E > 0

,
1- (Belo , A) ZBr÷( 0,4 )

.

Now let UEX be open and let 4€70 .

Pick XEUWHH Tx=y .

There exerts ESO with Bdx ,X)=U .

But Then TlBe( x. x ) )=Tk)+T( Bdo ,x ) )

z Tklt Br£( 0
,

Y )

= Big ( y ,4 )
.

SOTO is open ,


