
Compactness

Def: Aboxisapartofwherebraait, is open aset

therefinitelymany was ..., wassuch that

Us
↳> admits a finite subcover

Compactness is topological.
Better than that:

Prop,Suppose fi X-Y is continus and sorjective.
If Xis compact than so is ".

PS:Let EUaBoeIbe an open cover of 1. The

Sets If "(Ur73
asone

an open cover of X.



Now reduce to a finate subcover If"(Waj)3=1.
Observe i =f(x) =f(8f"(U-s)(

ja

=If (f -(vai))
j
=

1

=Va; (by subjectivity).
i
=1

-
Cor:If fix->Y is a homeomorphism, X iscompact

ifi is compact.

-
Ais compact
means with respectto⑳ the subspace topology,

A



We can defect compactness of Ausing open sets in X only,

Def: Acollection of open sets [UcBactin X is

on open car
of A&X if A atVan--

Itadmitsa fate above of there are finitely
may wasJal,...n with AC Vaje

j=1

Prop: A setA = X is compact if every open coverof A

by setsin X admits a finite subcover.

Pf: Suppose Ais compact and EUaBaxI is anover ofA

intrinsi
by setsin X. Then SAUxBaxI is an open come

oft

thatadmits a finte subcour AnVa,j=1,..., m

But them Va;IE,Un,MA) =A.
I=1



Conversely suppose every open cover of A by setsin xadmits

a finite subcover. Consider an intrinsic open cover EV,BazI
of A by open sets in A. Each Va=ARUa far

some Un
open in X. The sats EV3c*Ione

an open cover of A by sets in X. It admits a finite

subauer Va; j= 1 ..n. We can EVa,, comes A.

Indeed,
A =VUg =A =ArA =E,(UgA) =EV

E.g. (0,1] = Iis not compact.

E (1,133nexis an open cover by setsin (0,1] with no frnte
subouer,

E(4,00)Bnei is an open cover by sets in R
with no finite subcover.



Singletons are comparat [0,1]1Qis not compact.

Finite setsare compact. St!-]
Prop! [0,1] is compacts

Pf:Let3Ua3 be an open cover of2017 by setsin R.

Let c =[ < 2017: [0,0] admits a finite subcove]:

We'll show that C is open, closed and nonempty and hence,
since [0,l] is connected, is all of 2011. In particular
IEC and thereofre [0,1] admits a finte subcover,

Observe C is nonemply as Ot C. Suppose & is a contact

pointofC. Pick to from thecollection withdenSuch a chaise is possible since EUx5 coves [0,1]),

Since Ux is open,
and since d is a contact point, it E

contains some atC. If and thenconfunly [0,d]=[0.c]
WLOG we can assure [C,d] [Unif < < de Va



is round by finitely way Un's. Otherwise, -I
CO, 2] has a finite subcove and [o,d] is

couned by one additional Ux: So [0,d] is caved by finitely may UI's,
Hence de C and C is closed.

Now, toshow I is open, pick at C. et Ox be

a setfrom thesaw containings.Findan internal (a-2,c+2) =Da.
Each clt(c- 2, c+2) & 2017 belongs to C. Induces

if c'XC, 90, a] obviously admits a finite subcovr (Me

on for [0.2] works)and if I than we can

cour [0,] withthefinitely my setson Hat came

Co,c] plus one additonalsof a
17



Prop!If I is compact and VEK is closed the V is compact.

Pt:Let 3093 be an open come at V by sets in K.

Observe that V is open and SUx3USVC is

an open cover
of K. Itadmits a finte subcave

Um..., Vans V. ButthenE Va;?_, aaues Vo

Cleased subsets of [0,1] one compost.
[a,b]

Prop:In Hunsdorffspaces, compant setsare closed.

Pti Lot Xbe Hausdorffand suppose VEXis compacts
Letxt V? For each y-U find disjointopen sets

Ox, Wy withyeUy x-Wy.



The sets SUy3,zV cover V and we extract afinte

subsan 3Uy; 3. LetW = Wys.
5
=1

Than Iclean W&V =0. Since x = W are can conclude

V is open. Nate

WMV =wUU=usw
=Vi Wy
i =1

%


