
Lastclass:compactness.

Def:Let X be a metric space.
A setA:X

is added if there existsxeX and 40

such that A =Br(xh.

Note:Hereis complete flexibility in x. (1 inequally)

Lenna:Compact subsets of a metric space are handed.

Pf:Suppose A -X is notbounded.

Pick xGX and form the cover Br(x)3iso
These sets cover A but because Ais notband

there is no fate subcover. So Ais notcompact.



Cow: In metricspaces compact setsare closed

and bonded.

The converse (even for metric spaces) isfalse.

2.9. R d(x,y) =1 x= Y,

Is I banded?Yup!
Is I closed in I? Yop!

Is I compact? No:the opencover by singletons has no finite subcover,

Nextsemester:carpent it complete -totally banded in metic spaces

But! In R", compactEx closed+bonded holds.



(Erene Value Themem)V-Rare compactEx closed-hundred
andf is

Prop: Suppose fiK -R where K is compact and nonempty, cts.

Then there exist K, KEK such that

f(k-) f(k) f(k) for all kEK.

Pf: Observe f(K) GR is compact. Than f(K) is closed

and bounded. Since it is momempty (askis conempty) and

banded above. A admits a supreme 50 there is

a sequence in f(K) converging to s and have

st FTK) =f(K). Hence More is keto withf(k) =S.

So f(k) >f(K) for all kit as s is an upper band
for AIKL. The construction of K- is similar,



A = R, closed, banded

banded =>A = [- R,R] for same R.

[-R,R] e [0,1] which is compart.

Ais closed in R and contained in ER,R]

and is have closed in ER,RJ.

Hence Ais compact as a subspace ofER, RJ

but the also as a subspace of R.

How to genealize this reasoning to RML

Stars:1) [-R, RY is compact for all R>O.

2) If X. . ..X are compact the

X.x -...x Xu is compact.



3) C-R,RY is compact all producttop

but then also as a subspace of IR".

4) If AER2 is banded then

As ER, RY for some large R.

Br(d) x =(x ..., xn)
↳ =[r,r].

5) If in addition A is closed then
the above argument shows Ais compact,



Lanne: (Tube Lama) W

Suppose X, Y one spaces and Y is compact, Y

Letot X and let W be
on open

set

set VEXwith xot U and
⑰contains 3x03 xY. Then thereis an open

UaY = W. ex
-

↳ i(u) R
Pf:For each Mosy) we can find a bosue

open setU, x Vy2 W with

xoUy ad y = Ugo The fiber [x3xY ⑪
is haneomorphic to 4 and have compact,



Then sets UxxVy cover thefiber,

so we can find a fate subcarrer Ux,xVyp -.., UynxVn

Let 0 = Uygo Ta O is open in X and contents No

Suppose (xy* UxY. Pick;with(x0, y) -> Ux; x Vyje
The (eb -> UxVY= Ux, xVyj =W.
So UxY & W.

⑮j



Ewa*

)xxxyis and by faith
may UI's.

hi x

+x(4x3) = EAwhere te

Ux
Wx =Us is open

and

contains 2x3xY.

Find Ux with UxxY=Wx

The
open sets Uxcover X. So we can extract

a
finite subcomer. Ux,sur, Uxar



X =UV,and XxYe Ui,"(Uxi)
Each ix"(0xi) is contains in Wy;and have

covered by finitely many sets Un. Butthere are

finitely many
tubes ix"(Uxj),

marbitraryproducts ofconquestsets,

thisis false in the boxtopolaay
[0,13 0 is rtewith the boxtopoker.
-
discrete! The singletars are an open cover at no finite subcover,

For the producttopology this is tree! (Tychoroft'sThumL.


