
Prop:If Xis limit pointcomparat and I countable and Hausdorff

thenitis sequentially compact.

Pf:Let3x3 be a sequence in X. If thesequence takes on

only finitely many values then we can extracta constant

subsequence. Hence we assure the sequence has infinitely may values

and these have a limit pointto

⑭
If x is an elementof the sequence we reduce i
to a subsequence where none at the terms are xbut

d still we take on infinitely may values

LetEBjB be a countable nested neighborhood base atX.

Pick , such thatXn,t B. This is possible since xis

a lunt point ofthe sequence. Now suppose we have

selected n,CO2<..-.SUK such thatXag- Bjo



Notice that BuxhEx, x2, -..., XnB is open (Hausdoff!

and contains x. Hence it contains a team at the sequence

Xrkes withMax 3PK. Inductively we have obtained a

subsequence with ya;tB;for all j.
Now letU be an open set contains x.

f(x)
M

There exists 5with xe B5< U.
all opensets

If is 5 MmXayt B;E Bj =Uo Conbung X.

there xe; -> X. I



Prop:A sequentially compat 2nd countable space Xis compact.

Pf:LetSUaBcIbe an open cover ofX.

Since X is and cantable itis Lindelof and we

an extract a contable subcove, call it [U;3

Suppose to the contrary that thereis no finite subcomer.

For each;we can the pickx5 -X, x,* U,U...UUjo
The space is sequentially compact, so we can find a

conversantsubsequence xj, conversing to some X.

Pick J such thatxEUs. Then there exists K

so thatifk3K, Xipt Us.
ButXi, *Us

itin5. So if kx, K and jx=5(which

we an assure by taking a large encash) XikEUs and xj,45,*



*P is metricable but no particular metric seas

important.

espuesthe sea compact -> compostresult

boils down to a question of separability.

live whether thespace has a countable dense subset.)

Suppose X is a separable metric space. The

itis and countable. So if it is sequentially compact
then itis compact,

We'll show shortly that a sequentially compact metre

space is in fact separable!



Here, by the previous ansment, a sequentially compact
metire space is compact. Moreover, if a mature

space is notseparable thenit is notsequentially
compact, so itis not compact,

compact-7 1p.c =) seg comput

-ina sequentially compactmetric sure,

S-ballsfor all 330 there is a comery by finitely many
-bull ofralus

E.

To setseparability:For each 6It fund

finitely may xas;such plant



0 (x) =X.

Cantably many 4,j's and they are dense,

Lanna: LetX be a sequentially compact metric space.

For all 630 there exists
a coverof Xby

finitely may E- bulls.

Pf: Let& 30 and suppose
to the centry thatno

such cover exists. Pick x,EX. Since Balxi is
nota came we can find Xa * Ba(xi). SinceBass

isnot a cover we can find is such that

d(xx, X,)4, 2 and &L+2, x,) ?G. Continues inductively



we can find a seque [x53 with dix5,xe)
if it l. The space is sequentially comprect and

we have a convergent subsequence Xo⑰
Hence we can find K so that if k3K;

d(xixs X)<. Butinifla,ke? K,

d (xinsYik) I=E by te ⑧
A iney. Butd(Yixis*ix)YE if k, tke, a
antadiction.


